Theorems (NIB) 4,5,6,and 7

Theorem (NIB) 4: Suppose n is a positive integer .
If Misaninteger,then M = (M mod n) (mod n).
Proof: Let M be an integer. By definition of the “mod™ function,
(M mod n) equals the remainder r which results when the Quotient-Remainder Theorem is applied
to the divisionof M by n. Thus, M = nq + r for some integers q and r, with r = (M mod n).

Thus, by Theorem 841, M = r (mod n).
Sincer=(Mmodn), M = (Mmodn)(modn). QED

Example: Thus, since (76 mod 9) = 4, because 9*8 = 72 ,
76 = 4 (mod 9), by Theorem (NIB)4 .

Theorem (NIB) S: Suppose n is a positive integer .
If risaninteger and O <r<n,then (rmodn) = r.
Proof: Let r beanintegersuchthat 0 < r < n.
Thus, r = (n)(0) + r and 0<r<n.

Thus, r is the remainder from dividing r by n when 0 <r < n,
By the uniqueness of the remainder coming from the Quotient-Remainder Theorem and

by the definition of the “mod™ function, r = (rmodn).
Therefore, ( rmod n ) = r. QED

Example:  Thus, by Theorem (NIB) S, since 0 < 7 < 12, (Tmod 12 ) = 7,
Also, since 0 < 5236 < 9377, ( 5,236 mod 9377 ) = 5236 .

Theorem (NIB)6: Suppose K, n and r are integers with n > |1,
If K = r (modn) and O<r<n, then (Kmodn) = r.
Proof: Let K, nand r be integers withn > | . Suppose K = r (modn) and 0 <r<n.
Since K = r (modn), (K mod n) = (rmodn ), by Theorem 8.4.1
Since 0 <r <n, (rmodn) = t by Theorem (NIB) 5 .

< (K mod n) = r, bysubstitution. QED

Example: It can be shownthat 14° = 16 (mod 55) and 0 < 16 < 55
Therefore, (14" mod 55) = 16, by Theorem (NIB)6 .
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